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Abstract
The version of the cosmological perturbation theory based on exact resolution of
energy constraint is developed in accordance with the diffeomorphisms of general
relativity in the Dirac Hamiltonian approach. Such exact resolution gives one a
possibility to fulfil the Hamiltonian reduction and to explain the “CMBR primordial
power spectrum” and other topical problems of modern cosmology by quantization
of the energy constraint and quantum cosmological origin of matter.
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1. Introduction
One of the basic tools applied for analysis of modern observational data in-
cluding Cosmological Microwave Background Radiation (CMBR) is the cos-
mological perturbation theory in general relativity (GR) [1,2]. The main role
in this perturbation theory plays the separation of the cosmological scale fac-
tor by the transformation gµν = a
2(x0)gµν . The similar separation [3–6] of
the homogeneous scale factor a is also fulfilled in the Hamiltonian approach
[7,8] to GR, where a is an invariant evolution parameter in accordance with
the Hamiltonian diffeomorphism subgroup x0 → x˜0 = x˜0(x0) [9] meaning in
fact that the coordinate “time” x0 is not observable. In this case, in order to
keep the number of variables of GR, such the separation of the scale factor
a should be accompanied by the constraint that removes a similar homoge-
neous variable from the rest spatial metric determinant. Just the separation
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of homogeneous scale factor from metrics (in contrast with the Dirac Hamil-
tonian approach [7], where the scale factor a is not taken into account), on
the one hand, and the keeping the number of variables of GR (in contrast
with the standard perturbation theory [1,2], where the scale factor a is taken
into account twofold), on other hand, gives rise to exact resolution of the
energy constraint [5] g00
√−g/ ∫ d3xg00√−g = √T 00 / ∫ d3x√T 00 , where T 00 is
the energy-momentum tensor component in terms of the Lichnerowicz con-
formal variables [10,11]. In this paper the perturbation theory based on this
exact resolution of the energy constraint in GR is developed and compared
with the standard cosmological perturbation theory [1,2]. The content of the
paper is the following. In Section 2, the Hamiltonian approach to GR with
the separated cosmological scale is considered. In Section 3, the Hamiltonian
perturbation theory is formulated in a finite space-time as an alternative of
the cosmological perturbation theory. Two possible descriptions of CMBR are
compared in Section 4.
2. The diffeomorphism-invariant Hamiltonian approach to GR
Let us consider the Hilbert - Einstein action of GR
S[ϕ0] =
∫
d4x
√−g
[
−ϕ
2
0
6
R(g) + L(M)(ϕ0|g, f)
]
(1)
in a space-time with the interval ds2 = gµνdx
µdxν , where ϕ0 =
√
3/8piG0 =√
3M2Planck/8pi is the Newton coupling constant that scales all masses. The
Hamiltonian approach to GR is formulated in a frame of reference given by a
geometric interval gµνdx
µdxν ≡ ω(0)ω(0) − ω(1)ω(1) − ω(2)ω(2) − ω(3)ω(3), where
ω(α) are linear differential forms [12] in terms of the Dirac variables [7]
ω(0) = ψ
6Nddx
0, ω(b) = ψ
2e(b)i(dx
i +N idx0); (2)
here ψ is the spatial metrics determinant variable, triads e(a)i form the spatial
metrics with det |e| = 1, Nd is the lapse function, and N i is the shift vector.
The forms (2) are invariant with respect to the kinemetric general coordi-
nate transformations x˜0 = x˜0(x0), x˜i = x˜i(x0, xl) [9]. This group of diffeomor-
phisms of the frame (2) means that the coordinate time is not observable.
One of the main problems of the Hamiltonian approach to GR is to pick out a
diffeomorphism(d)-invariant global variable which can be “evolution parame-
ter”. There is a set of arguments [3–6,11] to identify this “evolution parameter”
in GR with the cosmological scale factor a(x0) introduced by the scale trans-
2
formation: F (n) = an(x0)F
(n)
, where (n) is the conformal weight of any field,
including metric components, in particular the lapse function Nd = a
−2N d and
ψ2 = aψ
2
. The logarithm form logψ2 = F of this equation can be presented
as a sum F = 〈F 〉 + [F − 〈F 〉], where 〈F 〉 ≡ ∫ d3xF/V0 identified with log a
(V0 =
∫
d3x < ∞ is a finite volume) is the spatial volume “averaging” and
[F −〈F 〉] = F is the orthogonal operation of “deviation” distinguished by the
identity 1∫
d3x logψ
2
(x0, xi) =
∫
d3x
[
logψ2 −
〈
logψ2
〉]
≡ 0. (3)
The transformation of a curvature
√−gR(g) = a2√−gR(g)−6a∂0 [∂0a√−g g00]
converts action (1) into
S[ϕ0] = S[ϕ]−
∫
dx0(∂0ϕ)
2
∫ d3x
N d
≡
∫
dx0L ≡
∫
d4xL, (4)
here S[ϕ] is the action (1) in terms of metrics g, where ϕ0 is replaced by the
running scale ϕ(x0) = ϕ0a(x
0) of all masses of the matter fields. The energy
constraint δS[ϕ0]/δNd = 0 takes the algebraic form [5]:
− δS[ϕ]
δNd
≡ T 00 =
(∂0ϕ)
2
Nd
2 (5)
where T 00 is the local energy density. This equation has exact solution:
[
dϕ
dζ
]2
≡ ϕ′2 =
〈√
T 00
〉2
, 〈(Nd)−1〉Nd =
〈√
T 00
〉
√
T 00
, (6)
where
ζ(ϕ0|ϕ) ≡
∫
dx0〈(Nd)−1〉−1 = ±
ϕ0∫
ϕ
dϕ˜
〈
√
T 00 (ϕ˜)〉
(7)
is d-invariant time. This evolution can be treated as the analogy of the Hubble
law in the d-invariant formulation of exact GR.
One can construct the Hamiltonian function using the definition of a set of
the canonical momenta, including
1 Just this identity is the main difference of our approach to GR from the Lifshitz
perturbation theory [1,2].
3
Pϕ=− ∂L
∂(∂0ϕ)
= 2
dϕ
dx0
∫
d3x
Nd
≡ 2V0ϕ′ (8)
pψ =
∂L
∂(∂0 logψ)
≡ −4ϕ
2
3
· ∂l(ψ
6
N l)− ∂0(ψ6)
ψ
6
Nd
, (9)
if the strong constraint 〈pψ〉 = 0 is imposed to be consistent with the identity
(3) and to keep the number of variables of GR, otherwise the double counting
of the zero-Fourier harmonics of spatial metric determinant [1,2] does not
admit resolution of velocities in terms of momenta (that is the obstacle for
the Hamiltonian approach). Now, using solution (6) and definitions (8), (9)
one can express action in Hamiltonian form in terms of momenta Pϕ and
PF = [pψ, p
i
(a), pf ]
S[ϕ0] =
∫
dx0
[∫
d3x
(∑
F
PF∂0F + C
)
− Pϕ∂0ϕ+
P 2ϕ − E2ϕ
4
∫
dx3(Nd)−1
]
, (10)
where the reduced Hamiltonian function
Eϕ = 2
∫
d3x
√
T 00 = 2V0
〈√
T 00
〉
(11)
can be treated as the “universe energy” by analogy with the “particle en-
ergy” in special relativity (SR), and C = N iT 0i +C0pψ +C(a)∂kek(a) is the sum
of constraints with the Lagrangian multipliers N i, C0, C(a) and the energy–
momentum tensor components T 0i ; these constraints include the transversality
∂ie
i
(a) ≃ 0 and the Dirac minimal space-like surface [7]:
pψ ≃ 0 ⇒ ∂j(ψ6N j) = (ψ6)′ (N j = N j〈N−1d 〉). (12)
One can find evolution of all field variables F (ϕ, xi) with respect to ϕ by the
variation of the “reduced” action obtained as values of the Hamiltonian form
of initial action (10) onto the energy constraint P 2ϕ = E
2
ϕ [5]:
S[ϕ0]|Pϕ=±Eϕ =
ϕ0∫
ϕ
dϕ˜
{∫
d3x
[∑
F
PF∂ϕF + C¯ ∓ 2
√
T 00 (ϕ˜)
]}
, (13)
where C¯ = C/∂0ϕ˜. The reduced Hamiltonian
√
T 00 is Hermitian as the minimal
surface constraint (12) removes negative contribution of pψ from energy den-
sity. Thus, the d-invariance gives us the solution of the problem of energy in
GR by the Hamiltonian reduction like solution of the similar problem in SR.
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The explicit dependence of T 00 on ψ was given in [10,11] by extracting the
Laplace operator △ˆF ≡ 4ϕ2
3
∂(b)∂(b)F : T
0
0 = ψ
7△ˆψ +∑I ψIτI , where I runs a
set of values I=0 (stiff), 4 (radiation), 6 (mass), 8 (curvature), 12 (Λ-term) in
the correspondence with a type of matter field contributions.
3. The diffeomorphism-invariant perturbation theory
Let’s introduce a parametrization of metric (Nd)
−1, ψ through functions µ, ν
(Nd)
−1
〈(Nd)−1〉
= 1 + ν, ψ = eµ, 〈µ〉 ≡ 0, 〈ν〉 ≡ 0 (14)
with the zero spatial “averaging” and define partial energy densities τI as a
sum of the “averaging“ one 〈τI〉 and the “deviation” (3) τ I = τI −〈τI〉 that is
orthogonal to the “averaging“ one 〈τI〉, so that the total density takes a form
T 00 ≡ e7µ△ˆeµ +
∑
I
eµIτI , τI = 〈τI〉+ τI , 〈τI〉 ≡ 0. (15)
The functions µ, ν are determined by the constraint (6)
1 + ν =
√
T 00〈√
T 00
〉 ≡
√
e7µ△ˆeµ +∑
I
eµIτI〈√
e7µ△ˆeµ +∑
I
eµIτI
〉 (16)
and the equation δS[ϕ]/δµ = −D = 〈D〉 − D = 0 of spatial metric variable,
where
D = (1 + ν)−1
[∑
I
IeµIτI + 7e7µ△ˆ · eµ
]
+ eµ△ˆ · [e7µ(1 + ν)−1] = 0. (17)
The Dirac constraint of minimal surface (12) takes the form
∂(b)
(
e6µN(b)
)
= ∂ζ(e
6µ). (18)
The d-invariant perturbation theory can be naturally defined as a power series
in “deviations” of densities τ I defined in the class of functions with the nonzero
Fourier harmonics φ˜(k) =
∫
d3xφ(x)eikx satisfying constraint 〈φ〉 = 0:
5
T 00 =T0 + T1 + T2 + ..., (19)
T0= 〈τ(0)〉, (20)
T1= τ(0) + (〈τ(1)〉+ △ˆ) · µ, (21)
T2=µ
[
τ(1) + (〈τ(2)〉+ 14△ˆ) · µ
2
]
+
1
2
△ˆ · (µ2), (22)
where τ(n) =
∑
I I
nτI . In the first order, Eq. (16) takes a form
1 + ν = 1 +
T1
2T0
= 1 +
τ(0) + (〈τ(1)〉+ △ˆ) · µ
2〈τ(0)〉 . (23)
The substitution of this value of ν into the first order of Eq. (17) τ (1)+(〈τ(2)〉+
14△ˆ) · µ− (〈τ(1)〉+ △ˆ) · ν = 0 gives ν and µ in the form of sum of the Green
functions [D · J ](x) = ∫ d3yD(x− y)J(y):
µ=
1
14β
[
D(+) · J(+) −D(−) · J(−)
]
, (24)
ν =
1
2β
[
(1 + β)D(+) · J(+) − (1− β)D(−) · J(−)
]
, (25)
where β =
√
1 + [〈τ(2)〉 − 14〈τ(1)〉]/(7〈τ(0)〉),
J(±) = 7(1± β)τ(0) − τ(1) (26)
are the local currents, D(±) are the Green functions satisfying equations
[±mˆ2(±) − △ˆ]D(±)(x, y)= δ3(x− y), (27)
mˆ2(±)=14(β ± 1)〈τ(0)〉 ∓ 〈τ(1)〉. (28)
The reduced Hamiltonian function (11) after its decomposition (19) takes the
form of the current-current interaction
Eϕ=2
∫
d3x
√
T 00 = 2V0
√
〈T0〉
[
1 +
〈T2〉
2〈T0〉 −
〈T 21 〉
8〈T0〉2 + ...
]
= (29)
= 2V0
√
〈τ(0)〉
[
1 +
1
28β〈τ(0)〉
〈(
J(+)D(+) · J(+) + J(−)D(−) · J(−)
)〉]
.
In the case of point mass distribution in a finite volume V0 with the zero
pressure and the density τ(1) = τ(2)/6 ≡ ∑JMJ [δ3(x− yJ)− 1V0 ], solutions
(24), (25) take the very significant form:
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µ(x) =
∑
J
rgJ
4rJ
[
γ1e
−m(+)(z)rJ + (1− γ1) cosm(−)(z)rJ
]
, (30)
ν(x) =
∑
J
2rgJ
rJ
[
(1− γ2)e−m(+)(z)rJ + γ2 cosm(−)(z)rJ ]
]
, (31)
where
γ1 =
1 + 7β
14β
, γ2 =
(1− β)(7β − 1)
16β
, rgJ =
3MJ
4piϕ2
, rJ = |x− yJ |.
The minimal surface (18) gives the shift of the coordinate origin in the process
of evolution ∂iN i = 6µ′:
N i =∑
J
3r′gI
4
(x− yJ)i
|x− yJ |
[
γ1e
−m(+)(z)rJ + (1− γ1) cosm(−)(z)rJ
]
. (32)
In the infinite volume limit 〈τ(n)〉 = 0 these solutions take the standard Newto-
nian form: µ = D ·τ(0), ν = D · [14τ(0)−τ(1)], N i = 0 (where △ˆD(x) = −δ3(x)).
However, the isotropic version of Schwarzschild solutions eµ = 1+ rg
4r
; e
7µ
1+ν
=
1− rg
4r
of equations △ˆeµ = 0, △ˆ e7µ
1+ν
= 0 obtained in the infinite volume do not
satisfy Eqs. (16), (17) in the presence of cosmological background. Therefore,
the exact resolution of these equations does not commute with the infinite-
volume limit. The d-invariant analog of the Schwarzschild solution takes the
form
ds2 = a2(ζ)
[
e12µ
1 + ν
dζ2 − e4µ(dxi +N idζ)2
]
, (33)
where µ, ν,N i are given by Eqs. (30) – (32) and 〈µ〉 = 0, 〈ν〉 = 0.
The reduced action (13) determines evolution of fields directly in terms of the
cosmological scale factor a = ϕ/ϕ0 connected with the red shift parameter z
by the relation ϕ = ϕ0/(1 + z). Therefore, the d-invariant perturbation the-
ory for the reduced Hamiltonian function (29) converts into the d-invariant
cosmological perturbation theory, if all spatial “averagings“ 〈τ(n)〉 in (29) are
sums 〈τ(n)〉 = ρ(n)(ϕ) + tf(n) of small field parts tf(n) associated with the Stan-
dard Model (SM) and the tremendous (∼ 1079 GeV) cosmological background
ρ(n)(ϕ) ≡ H20ϕ20Ω(n), where H0 is the present day value of the Hubble parame-
ter and Ω(n) ≡ ∑I InΩI(1+z)2−I/2 here ΩI is the partial cosmological densities
normalized by condition Ω(0) =
∑
I ΩI = 1 (recall that the index I runs a set
of values I=0 (stiff), 4 (radiation), 6 (mass), 8 (curvature), 12 (Λ-term) in
the correspondence with the type of physical contributions). In the presence
of the tremendous cosmological background one can apply the Einstein corre-
spondence principle [5] as the low-energy decomposition of “reduced” action
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(13) dϕ2
√
〈τ(0)〉 = dϕ2
√
ρ(0) + t
f
(0) = dϕ
[
2
√
ρ(0) + t
f
(0)/
√
ρ(0)
]
+ ... over field
density tf(0). The first term of these sum S
(±)|Pϕ=±Eϕ = S(±)cosmic + S(±)field + . . .
is the reduced cosmological action S
(±)
cosmic = ∓2V0
ϕ0∫
ϕI
dϕ
√
ρ(0)(ϕ); whereas the
second one is the standard field action of GR and SM
S
(±)
field =
η0∫
ηI
dη
∫
d3x
[∑
F
PF∂ηF + C¯ − tf(0)
]
(34)
in the space determined by the interval
ds2 = dη2 − [e(a)i(dxi +N idη]2; ∂iei(a) = 0, ∂iN i = 0 (35)
with conformal time dη = dϕ/ρ
1/2
(0) and running masses m(η) = a(η)m0 [4].
We see that the correspondence principle leads to the theory (34), where the
conformal variables and coordinates are identified with observable ones and the
cosmic evolution with the evolution of masses. The best fit to the data included
high-redshift Type Ia supernovae [13] requires a cosmological constant ΩΛ =
0.7, ΩColdDarkMatter = 0.3 in the case of the Friedmann “absolute quantities“
of standard cosmology, whereas for “conformal quantities” of the d-invariant
approach these data are consistent with the dominance of the stiff state of
free scalar field [z + 1]−1|(stiff)(η) =
√
1 + 2H0(η − η0): ΩStiff = 0.85 ± 0.15,
ΩColdDarkMatter = 0.15± 0.10 [14].
The d-invariant reduction allows us to consider on equal footing the quantum
field theories of both particles and universes in the framework of perturbation
theory tf(0) = tfree + tint extracting the free part tfree =
∑
pEpa
+
p a
−
p with one-
particle energies Ep =
√
p2 +m2(η) [4,15] and defining Quantum Cosmology
as the primary quantization of the energy constraint P 2ϕ−E2ϕ = 0: ∂2ϕΨ+E2ϕΨ =
0 and the secondary one: Ψ = [A+ + A−]/(
√
2Eϕ) with the reduced energy
Eϕ = 2V0
√
ρ(0)(ϕ), when stable vacua of both universes (u) B
−|0 >u= 0
and particles (p) b−p |0 >p= 0 are determined by Bogoliubov’s transformations
of “universes” A+ = αuB
++β∗uB
− and particles: a+p = αpb
+
p +β
∗
pb
−
p . The
“vacuum” postulate leads to positive arrow of the time interval (7) η± ≥ 0
and its absolute beginning [5]. In the case of the stiff state: Eϕ = Q/ϕ, there
is an exact solution of Bogoliubov’s equation of a number of “universes” [16]
u< 0|A+A−|0 >u= 1
4Q2 − 1 sin
2
√Q2 − 1
4
ln
ϕ0
ϕI
 6= 0, (36)
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Fig. 1. Longitudinal (NZ(x)) components of the boson distribution versus the di-
mensionless time τ = 2ηHI and the dimensionless momentum x = q/MI at the
initial data MI = HI (γv = 1).
where the Planck mass ϕ0 = ϕI
√
1 + 2HIη0 belongs to the present-day data
η = η0 and ϕI , HI = ϕ
′
I/ϕI = Q/(2V0ϕ
2
I) are the initial data.
These initial data ϕI and HI are determined by parameters of matter cosmo-
logically created from the Bogoliubov vacuum in beginning of a universe η ≃ 0.
In the Standard Model (SM), W-, Z- vector bosons have maximal probability
of this cosmological creation due to their mass singularity [15]. The uncer-
tainty principle △E ·△η ≥ 1 (where △E = 2MI ,△η = 1/2HI) shows us that
at the moment of creation of vector bosons their Compton lengths defined by
its inverse mass M−1I = (aIMW)
−1 are close to the universe horizon defined in
the stiff state as H−1I = a
2
I (H0)
−1. Equating these quantities MI = HI one can
estimate the initial data of the scale factor a2I = (H0/MW)
2/3 = 1029 and the
Hubble parameter HI = 10
29H0 ∼ 1mm−1 ∼ 3K. Just at this moment there is
an effect of intensive cosmological creation of the vector bosons described in
[15]; in particular, the distribution functions of the longitudinal vector bosons
(see Fig. 1) demonstrate us large contribution of relativistic momenta. Their
temperature Tc can be estimated from the equation in the kinetic theory for
the time of establishment of this temperature η−1relaxation ∼ n(Tc) × σ ∼ H ,
where n(Tc) ∼ T 3c and σ ∼ 1/M2 is the cross-section. This kinetic equation
and values of the initial data MI = HI give the temperature of relativistic
bosons Tc ∼ (M2I HI)1/3 = (M20H0)1/3 ∼ 3K as a conserved number of cos-
mic evolution compatible with the Supernova data [14]. We can see that this
value surprisingly close to the observed temperature of the CMB radiation
Tc = TCMB = 2.73 K. The primordial mesons before their decays polarize the
Dirac fermion vacuum and give the baryon asymmetry frozen by the CP –
violation, so that nb/nγ ∼ XCP ∼ 10−9, Ωb ∼ αqed/ sin2 θWeinberg ∼ 0.03, and
ΩR ∼ 10−5 ÷ 10−4 [15].
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4. Two approaches to descriptions of CMBR fluctuation
Now one can compare the d-invariant perturbation theory (33) with the stan-
dard cosmological perturbation theory [1] ds2 = a2(η)[(1+Φ)dη2−(1−Ψ)(dxi+
N idη)2], Φ = ν − 6µ , Ψ = 2µ, N i = 0, where the zero-Fourier harmonics of
the spatial determinant is taking into account twofold that is an obstruction
to the Dirac Hamiltonian method. The d-invariant perturbation theory shows
us that, if this double counting is removed, then equations of scalar potential µ
and ν (see Eqs. (16), (17)) do not contain time derivatives that are responsible
for the CMB “primordial power spectrum” in the inflationary model [2]. How-
ever, the d-invariant version of the Dirac Hamiltonian approach to GR gives us
another possibility to explain the CMBR “spectrum” and other topical prob-
lems of cosmology by cosmological creation of the vector bosons considered
above. The equations describing the longitudinal vector bosons in SM, in this
case, are close to the equations that follows from the Lifshitz perturbation
theory and are used, in the inflationary model, for description of the “power
primordial spectrum” of the CMB radiation.
The next differences are a nonzero shift vector and the spatial oscillations of
the scalar potentials determined by mˆ2(−) In the d-invariant version of cos-
mology [14], the SN data dominance of stiff state ΩStiff ∼ 1 determines the
parameter of spatial oscillations mˆ2(−) =
6
7
H20 [ΩR(z+1)
2+ 9
2
ΩMass(z+1)]. The
values of red shift in the recombination epoch zr ∼ 1100 and the clusterization
parameter [17] rclusterization =
pi
mˆ(−)
∼ pi
H0Ω
1/2
R
(1+zr)
∼ 130Mpc recently discov-
ered in the researches of large scale periodicity in redshift distribution lead to
reasonable value of the radiation-type density 10−4 < ΩR ∼ 3 · 10−3 < 5 · 10−2
at the time of this epoch.
5. Conclusions
The diffeomorphism-invariant Hamiltonian approach to GR with an exact so-
lution of energy constraint in a finite volume was applied to formulate the
corresponding cosmological perturbation theory. The Hamiltonian cosmologi-
cal perturbation theory would be considered as the foundation of the standard
cosmological perturbation theory [1,2], if it did not contain the double count-
ing of the scale factor as an obstruction to the Dirac Hamiltonian method.
Avoiding this double counting we obtained new Hamiltonian equations. These
equations do not contain the time derivatives that are responsible for the “pri-
mordial power spectrum” in the inflationary model [2]. However, the Hamilto-
nian approach to GR gives us another possibility to explain this “spectrum”
and other topical problems of cosmology by the cosmological creation of the
primordial W-, Z- bosons from vacuum due to their mass singularity, when
10
their Compton length coincides with the universe horizon.
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